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Abstract

The loudspeaker is an electro-acoustic device for sound reproduction which requires the distortion as
small as possible. The distortion may arise from the magnetic non-linearity of the york, the uneven
magnetic field distribution, the mechanical non-linearity at the diaphragm suspension and the acoustic non-
linearity due to the high sound pressure and velocity in the duct-radiation system. A horn is sometimes
provided in front of the vibrating diaphragm radiator, which plays an important role to increase the
efficiency by matching the acoustic impedance between the radiator and the ambient medium. The horn is
in many cases folded twice or three times to shorten the length, which further degrades the reproduction
quality. The sound intensity and velocity are apt to attain very high in the small cross-sectional area in the
throat and in the folded regions, which may cause the distortion due to the non-linear effect of the medium.
The present paper is to investigate the frequency characteristics of the loudspeaker numerically evaluating
the generation of the harmonics and sub-harmonics. An axisymmetric folded horn is considered for which
the wave equation with the non-linear term retained is solved by the finite element method. The solution is
made in time domain in which the sound pressure calculated at the opening end of the horn is Fourier-
transformed to the frequency domain to evaluate the distortion, while the wave marching in the horn is
visualized.
r 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The horn-type loudspeaker consists of an electrodynamic driver, a plate or shell diaphragm
with elastic suspension and a radiation horn [1]. It has an axisymmetric configuration in many
cases, whose typical cross-section is depicted in Fig. 1. The high-fidelity reproduction requires less
distortion, which is mainly caused from the magnetic non-linearity of the york, the uneven
magnetic field distribution between the poles, the non-linear behavior of the suspension system
and the high sound intensity and velocity in the acoustic horn. The driver non-linearities have
been modelled and studied [2,3].
The horn is an acoustic impedance matching transformer to increase the radiation efficiency. To

provide smooth matching, it consists of a long duct with variable cross-section, which is in most
cases folded as depicted to shorten the length. In the horn, the cross-section is very narrow in the
throat and the bent regions, at which the sound may reach very high pressure and velocity. The
high pressure and velocity cause the non-linear phenomena. Although there are many literatures
on non-linear sound wave propagation [4–6] only within the scope of the one-dimension, there are
few papers on the fields with arbitrary boundary shape or on heterogeneous media. The finite
element approach was applied to the design of the horn speaker, a tweeter for the high-frequency
range, in which no non-linear effects were considered [7]. The non-linear effects are included by
the authors for the focused sound field problems in ultrasonic range [8,9], in which the finite
element analysis was verified by the experiments [10,11]. The non-linear wave propagation has
also been investigated for the horns [12–14]. Though some take the numerical approach, they
exclude the driver’s non-linearities.
In the present paper, the axisymmetric finite element formulation is made for a coupled

magneto-mechano-acoustic system in time domain. In the formulation the magnetic non-linearity
of the york and the acoustic non-linearity of the air are both included. In the following
discussions, we confine ourselves to the simulation of the wave distortion and the harmonics
generation based on the equation with relatively weak non-linearity. Though high velocity is
known to cause some turbulence at discontinuities in the folds [15,16] and this effect cannot be
ignored, this could not be included in the present formulation.
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Fig. 1. A horn-speaker system.

T. Tsuchiya et al. / Journal of Sound and Vibration 266 (2003) 993–1008994



2. Modelling

2.1. Non-linear sound field

The wave equation for sound field problems can be derived from the fluid dynamics equations.
There are many possible expressions for non-linear waves depending on the degree of the non-
linearity and the pressure–density relation to be included. After some manipulations, we arrive at
the following expression for the velocity potential f:
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which is known as Kuznezov’s equation [17], where c0 is the sound speed, s is the diffusion
constant, A ¼ r0c

2
0=P0;B ¼ ðc20=P0Þð@2p=@r2Þ0; r is medium density and P0 is ambient pressure.

The equation is expressed for the sound pressure p as
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which is known as Westervelt’s equation [18], under the assumption that the waves propagate
locally in plane ðp ¼ rc0vÞ; where

g ¼ 1þ
B

2A
ð3Þ

and r is the density of the medium and v is the particle velocity.
Eq. (2) can alternatively be written in the form of the standard wave equation with variable

sound speed
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This expression is obtained from Eq. (2) for s ¼ 0 and gp=ðrc20Þ51: This shows that the sound
speed depends on the pressure in which the wave travels faster in higher pressure level.
When the velocity potential consists of the primary wave f1 and the secondary wave f2 so that

f ¼ f1 þ f2; Eq. (1) can be decoupled under the assumption of weak non-linearity to give
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With the plane wave impedance relation, Eq. (7) can be written as
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The driving term of Eqs. (7) and (8) comes from the contribution of the primary waves f1:

2.2. Electromagnetic field and driving force

The equation for the electromagnetic field in the driver can be derived from Maxwell’s
equations. The governing equation for the field without the displacement current and charge is
expressed as follows when the eddy current and the induction current are ignored [19]:

r� ðnr� AÞ ¼ Jv þ Jm; ð9Þ

where n is the magnetic reluctance, A is the magnetic vector potential ðB ¼ r� A;B is the
magnetic flux), Jv is the source current density in the voice coil and Jm is the equivalent
magnetizing current density due to the permanent magnet ðJm ¼ n0r�M;M: magnetization, n0:
the magnetic reluctance in the vacuum).
Electromagnetic (repulsive) force Fm acting between the pole and the voice coil when the

electromagnetic induction due to the motion of the voice coil is neglected is given as

Fm ¼
Z
O
Jv � B dO; ð10Þ

where O indicates the region in which the exciting current exists. This is the driving force for the
elastic plate or the diaphragm.

2.3. Diaphragm and suspension

For mechanical motion of the diaphragm and the suspension, the constitutive relation or the
stress–strain relation and the equation of motion are, respectively, defined as

T ¼ cS; ð11Þ

F ¼ r.u; ð12Þ

where T;S and c are, respectively, stress, strain and stiffness tensors, and u;F and r are the
displacement, the force vector and the mass density. In the elastic material used, the stress–strain
relation (11) is assumed to be linear.

3. Finite element discretization

3.1. Acoustic radiation

We here discuss the solution of Eq. (2) for the axisymmetric case, which is discretized based on
the Galerkin method. For the finite element discretization, triangular ring elements of the first
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order are used throughout this paper. The discretized equation has the form [8,11,20]

½Ma	fpg þ ½Ra	f ’pg þ ½Ka	f .pg ¼ fag þ ðf ’pgf ’pgT þ fpgf .pgTÞfWng ð13Þ

when the system is driven by a rigid piston with the acceleration fag in which the second term in
the driving term is due to the sound non-linearity. ½Ma	; ½Ka	 and ½Ra	 are an inertance, elastance
and damping matrix, fpg and fWng are the nodal pressure and distribution vector, respectively,
and the dot indicates the derivation with respect to time. The Newmark-b method [21] is used for
the solution of time-marching. The calculation procedure can be given as

½Ma	fptþDtg þ ½Ra	f ’ptþDtg þ ½Ka	f .ptþDtg

¼ fatþDtg þ ðf ’ptþDtgf ’ptþDtg
T þ fptþDtgf .ptþDtg

TÞfWng; ð14Þ

fptþDtg ¼ fptg þ Dtf ’ptg þ ðDtÞ2½ð0:5� bÞf .ptg þ bf .ptþDtg	; ð15Þ

f ’ptþDtg ¼ f ’ptg þ Dt½ð0:5� ZÞf .ptg þ ð1þ ZÞf .ptþDtg	; ð16Þ

where Dt is a time step, b is a parameter for the time-marching and ZðX0Þ is the artificial viscosity
[22], which is sometimes introduced for the stable calculation with the shock wave, here Z ¼ 0:06 is
chosen. In the present modelling, b is chosen to be 0.25 after some numerical experiments.

3.2. Magnetic field

The discretized equation corresponding to Eq. (9) is given as

½S	fAg ¼ fJvg þ fJmg; ð17Þ

where ½S	 is the system matrix for the magnetic field and fAg; fJvg and fJmg are the nodal vectors
of the magnetic vector potential, the exciting current of the voice coil and the equivalent current of
the magnetization corresponding to the permanent magnet, respectively.
The york of the driver has a non-linearity in which the magnetic reluctance is a function of the

square of the magnetic flux or the vector potential so that the discretized equation (17) is non-
linear. The Newton–Raphson method is applied for the solution of the non-linear equation in
which the solution can be obtained iteratively starting from a certain initial distribution of the
magnetic vector potential fAgð0Þ [23]. The approximate solution of the i þ 1th iteration is
corrected from the ith approximate solution as

fAgðiþ1Þ ¼ fAgðiÞ þ fdAg; ð18Þ

where fdAg is the increment of the vector potential which is obtained by the solution of the
following equation:
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where

fGg ¼ ½S	fAg � fJvg � fJmg: ð20Þ

Eqs. (18) and (19) are iteratively calculated until the convergence is reached in which the criterion
is chosen to be
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where e is the small value for the criterion and N is the number of the nodes.
The discretized expression corresponding to the electromagnetic force (10) is given as [11,19]

fFmg ¼ fJvgfAgTfWf g; ð22Þ

where fFmg is the nodal electromagnetic force vector and fWf g is a distribution vector.

3.3. Elastic vibration

The discretized equation of the elastic vibration of the diaphragm is given by [11,24]

½Km	fdg þ ½Rm	f ’dg þ ½Mm	f .dg ¼ fFg; ð23Þ

where ½Km	; ½Rm	 and ½Mm	 are the stiffness, damping and mass matrices, respectively, fdg is the
nodal displacement vector and fFg is the nodal force vector due to the force externally applied.
When the mechano-acoustic coupling is considered, fFg in Eq. (23) and fag in Eq. (13) are,
respectively, in the relation of

fFg ¼ fFmg � ½Wa	fpg; ð24Þ

fag ¼ ½Wa	Tf .dg; ð25Þ

where ½Wa	 is the mechano-acoustic coupling matrix. The second term on the right-hand side of
Eq. (24) corresponds to the force reacting from the sound pressure in the acoustic medium. The
Newmark-b method is again used for the time-marching of Eq. (23). The calculation procedure is
the same as Eqs. (14)–(16).

4. Numerical examples

4.1. Acoustic field

First we discuss the validity of the solution procedure. The evaluation is made for a one-
dimensional tube as shown in Fig. 2. The length of the pipe is 50l where l is the wavelength of the
excitation sinusoidal wave, and the radius is 0:1l: The pipe is driven at one end ðz ¼ 0Þ by
the uniform velocity and at another end ðz ¼ cÞ it is terminated by the sound absorber with the
surface acoustic impedance rc0: Other wall boundary is assumed to be rigid. The medium is assumed
to be air (r ¼ 1:2 kg=m3; c0 ¼ 340 m=s and g ¼ 1:2). The solutions are shown in Fig. 3, when one-
cycle of the sine wave excites the system. The waveforms distort as they propagate and a shock finally
develops. It is seen that the solution is not stable without proper artificial viscosity [22]. The FEM
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solutions with the artificial viscosity agree well with the analytical solutions. We are now confident
that the non-linear sound propagation can thus be simulated with reasonable accuracy by FEM.
The non-linear sound wave propagation from the circular rigid piston as shown in Fig. 4 is then

demonstrated. A circular piston with the radius of 1l is uniformly driven by the sinusoidal wave
for the one-cycle. The opening boundary is terminated by the rc0 characteristic impedance, which
does not provide the perfectly absorbing termination but is convenient to treat the waves of the
wide range of the spectra. The buffle board outside the piston and the central axis are assumed to
be rigid. The non-linear sound propagation for the amplitude of 5 kPa is illustrated until the time
5T in Fig. 5. The solutions are compared with the solutions of the discrete Huygens’ modelling
[25]. The waveform is again distorted as it propagates until weak shock develops.

4.2. Response of the horn with a driving unit

The response of the loudspeaker horn is then demonstrated. The cross-section views and their
element divisions are illustrated in Fig. 6. The permanent magnet in the driver unit is equivalent to
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the electromagnet supplied by the direct current of the amplitude of 1� 106 A=m2: The voice coil
is excited by the starting-up sinusoidal current with the peak amplitude of 4� 107 A=m2 as shown
in Fig. 7. The magnetic characteristics of the york and the magnet are shown in Fig. 8, which are
both non-linear. The magnetic boundary condition on the z-axis is assumed to be Ay ¼ 0 and the r

axis is assumed to be of natural boundary. The hybrid-type infinite elements are connected for
outer magnetic boundary [23]. For the diaphragm and the suspension, their mechanical material
constants used in the calculation are tabulated in Table 1. The edge of the suspension of the
opposite side of the diaphragm is assumed to be fixed. The displacement in the r direction ur is
assumed to be ur ¼ 0 on the central z-axis. The horn is terminated out of the opening by the rc0
characteristic impedance. This is convenient for the present problem with the wide range of
frequency spectra involved, though the treatment does not provide the perfectly absorbing
termination. In the horn loudspeaker considered [7], the radiation field was expressed being
expanded in terms of the Bessel function.
The displacement in the z direction at the center of the diaphragm is shown in Fig. 9 when the

voice coil is excited by the sinusoidal current of frequency f ¼ 1300 Hz: The building-up
waveform is almost identical to that of the exciting current of the voice coil except with a little
fluctuation, which will be explained later. In this case, the time step is chosen to be Dt ¼ 3:846 ms:
Fig. 10 illustrates the motion of the displacement of the diaphragm when the response has reached
the steady state. The diaphragm moves just like a piston. Fig. 11 shows the equi-pressure lines of
the wavefront of the sound marching in the horn when the sinusoidal wave of frequency f ¼
1300 Hz is turned on. Fig. 12 shows the sound pressure response at the center of the horn opening.
A building-up waveform is similar to that of the exciting current but distorted. The delayed
response corresponds to the propagation time to the horn opening. Fig. 13 shows the Fourier
transformed frequency characteristics of the sound pressure. In the figure, the dashed and the fine
lines, respectively, indicate the characteristics when the magnetic and the acoustic non-linearities
are separately considered, and the bold line when magnetic and acoustic non-linearities are both
included. The second harmonic ðf2Þ; double of the frequency, is resulting from the non-linearities.
All the responses are similar except this peak, which is very dominated when the acoustic non-
linearity is included. The peak lower than fundamental frequency ðf1Þ is due to the resonance of
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the diaphragm-suspension system without acoustic loading (so-called f0) as shown in Fig. 14.
Other small peaks come from the non-linear cross coupling between the peaks. Fig. 15 shows the
second harmonic distortion resulting from each non-linearity when the amplitude of the exciting
current is varied at frequency f ¼ 1300 Hz: In the figure, the distortion is expressed as the sound
pressure level of the second harmonic against the fundamental. The distortion resulting from the
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acoustic non-linearity increases almost in proportion to the exciting current density. In this case
the acoustic non-linearity is predominant. The frequency characteristics of the horn at the center
of its opening is shown in Figs. 16 and 17. This is taken when the responses have reached the
steady states of excitation at each frequency. The irregularity is due to the reflections at the
foldings and the opening in the horn. Fig. 16 shows the generation of the modulated distortion
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Table 1

Material constants used in the calculation

Diaphragm Voice coil Suspension

Density ðkg=m3Þ 2700 8900 500

Young’s modulus ð�1010 PaÞ 7.1 12.2 1

Poisson’s ratio 0.33 0.35 0.3
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Fig. 9. Displacement at the center of the diaphragm.
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when sound waves of fc ¼ 100 Hz and fh ¼ 1300 Hz are both simultaneously excited. The
high-frequency wave fh is modulated by the low-frequency wave fc: In this case the modulation
indexes for fh and 2fh are about 12% and 23%. The second harmonic 2fh is modulated twice as
much.
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5. Concluding remarks

The finite element technique is applied to simulating the dynamic response of the horn
loudspeaker with the non-linearity included. The axisymmetric finite element formulation is
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developed for a coupled magneto-mechano-acoustic system. The magnetic non-linearity resulting
from the B2–n curve of the york in the driver which is solved by Newton–Raphson method and the
acoustic non-linearity of the medium are both included in the formulation. The discretized
simultaneous equations are solved by Newmark-b integration scheme with respect to time. Some
numerical examples are demonstrated for predicting the sound radiation characteristic of the
loudspeaker. It is shown that the distortion in the horn resulting from the acoustic non-linearity is
largest among others. The finite element simulation provides a good guideline to the loudspeaker
horn design.
The work has partly been reported at 19th Computational Electromagnetics and Electronics,

Japan Society for Simulation Technology, 1998 [19] and at 7th International Conference on
Sound and Vibration, 2000 [26].
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